Abstract. A well-known Peterson's theorem says that the number of abelian ideals in a Borel subalgebra of a rank-r finite dimensional simple Lie algebra is exactly 2 r . In this paper, we determine the dimensional distribution of abelian ideals in a Borel subalgebra of finite dimensional simple Lie algebras, which is a refinement of the Peterson's theorem capturing more Lie algebra invariants.
Introduction
Let g be a finite dimensional complex simple Lie algebra and let b be a Borel subalgebra of g. The study of abelian ideals in b can be traced back to the work by Schur [16] (1905) . It has recently drawn considerable attention. Kostant [6] (1998) mentioned Peterson's 2 r -theorem saying that the number of abelian ideals in b is exactly 2 r , where r is the rank of g. Moreover, Kostant found a relation between abelian ideals of a Borel subalgebra and the discrete series representations of the Lie group. Spherical orbits were described by Panyushev and Röhrle [11] (2001) in terms of abelian ideals. Furthermore, Panyushev [9] (2003) discovered a correspondence of maximal abelian ideals of a Borel subalgebra to long positive roots. Suter [14] (2004) determined the maximal dimension among abelian subalgebras of a finite-dimensional simple Lie algebra purely in terms of certain invariants and gave a uniform explanation for Panyushev's result. Kostant [7] (2004) showed that the powers of the Euler product and abelian ideals of a Borel subalgebra are intimately related. Cellini and Papi [3] (2004) had a detailed study of certain remarkable posets which form a natural partition of all abelian ideals of a Borel subalgebra. For symplectic Lie algebras, we constructed a relationship between the abelian ideals of Borel subalgebras and the cohomology of their maximal nilpotent subalgebras [8] . There are also many papers on ad-nilpotent ideals in Borel subalgebras, such as [1, 2, 10, 12, 13, 15] . It is also remarkable that the abelian ideals of some tree diagram Lie algebras, which are analogues of Borel subalgebras, are used to solve certain evolution partial differential equations by Xu [17] 
(2006).
Influenced by the above works, we will determine in this paper the number of abelian ideals with given dimension in a Borel subalgebra. It is a refinement of the Peterson's theorem capturing more Lie algebra invariants.
There is an injection from abelian ideals to affine Weyl group, and the dimension of an abelian ideal is equal to the length of the corresponding element in affine Weyl group (c.f. [14] ). So our results may be an accessorial tool to catch on the affine Weyl group. While our results are much more precise than Peterson's theorem, the consequences would be of broad interest. To compare the results of type B and C (see Sec.4.1 and Sec.4.2) enable us to be aware of that the distribution of abelian ideals does not depend on the Weyl groups, though these groups played important roles in Peterson's approach. On the other hand, the distributions of abelian ideals for type B and D are uniform (see Sec.4.2 and Sec.4.3), Although their root systems are different from each other. We can expect this result because both of them correspond to orthogonal Lie algebras. Moreover, our results can also check some data corresponding to maximal abelian ideals, which are listed in [11, 12] .
The paper is organized as follows. In Section 2, we recall some notations and definitions on root systems and give some lemmas which are used in our calculation. Section 3 is devoted to the computation of type A, and the result is described by a restricted partition function. The computation of types B, C and D is in Section 4, where the generating functions of the number of abelian ideals with given dimension in Borel subalgebras is obtained. For exceptional types E, F and G, we enumerate their abelian ideals and obtain the detailed information in Section 5.
Preliminary
Let g be a finite dimension complex simple algebra with rank r. Fix a Cartan subalgebra h of g. Denote by Φ its root system with a simple roots basis Π and positive roots Φ + . We have the Cartan root space decomposition g = h ( α∈Φ g α ).
Then b = h ( α∈Φ+ g α ) is the associated Borel subalgebra.
Denote by I the set of all abelian ideals in b. As mentioned in [14] , there is a bijection as follows:
(In this paper, we always use |A| for a set A to denote the total number of elements in A.) Define (2.3)
Thanks to (2.2), to enumerate I (i) is as the same as to enumerate Υ (i) . Now we recall some notations and definitions (e.g. c.f. [4, 5] ), which will be used hereinafter.
The height of an element α = τ ∈Π k τ τ is defined by
There is a unique highest root in Φ, which is denoted by θ.
There is a positive definite symmetric bilinear form (· , ·) on the root lattice Λ r := Span Z Π associated with the Killing form on g. It is well known that for any two nonproportional roots α, β, if (α, β) > 0 (resp. < 0), then α − β (resp. α + β) is a root.
We can define a partial ordering "≻" on the root lattice Λ r by (2.6) α ≻ β iff α − β is a sum of simple roots or α = β.
A subset Ψ ⊂ Φ + is called an increasing subset if for any α, β ∈ Φ + , the conditions α ∈ Ψ and β ≻ α imply β ∈ Ψ.
The following lemma will show that each Ψ ∈ Υ has to be an increasing subset.
Proof. We will prove it by induction on ht(β − α). If ht(β − α) = 1, the statement holds trivially. Suppose the lemma holds for ht(
we have either (β − α, β) > 0 or (β − α, α) < 0. Hence there must be a τ ∈ Π with k τ > 0 such that either (τ, β) > 0 or (τ, α) < 0. Then either β − τ or α + τ is a positive root. By inductive assumption on α and β − τ or on α + τ and β, we get that the statement holds for ht(β − α) = k.
Proof. We will also use induction on the height of γ − α − β to prove this lemma. If ht(γ − α − β) = 0 (i.e. γ = α + β), then we can take α ′ = α and β ′ = β. Suppose that the lemma holds for ht ( 
is a positive root. Take α 0 (resp. β 0 and γ 0 ) instead of α (resp. β and γ) and use the inductive assumption, then we get that the statement holds for
The above two lemmas (specially, take θ to be γ in Lemma 2.2) show immediately that
If α, β ∈ Φ + and α + β ≺ θ, then it is impossible that both α and β are in Ψ. In particular, if 2α ≺ θ, then α ∈ Ψ.
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The above proposition can help us predigest the enumeration of abelian ideals. In fact, now we have a much more intuitional description of Υ than in (2.1). That is, (2.7) Υ = {Ψ ∈ Φ + | Ψ is an increasing subset of Φ + and for any α, β ∈ Ψ, α + β ≺ θ}.
Particularly, we need not to consider all roots but only to consider the roots in a subset Ω ⊂ Φ + , which is defined by
Sometimes the subscript " r " is used for a notation to emphasize the rank r. For example, we use Ω r , Υ r , etc.
Define the minimal roots Ψ min of any Ψ ⊂ Φ + as follows: α ∈ Ψ belongs to Ψ min if and only if for all β ∈ Φ + with β ≺ α and β = α, then β ∈ Ψ. Since each Ψ ∈ Υ is an increasing subset, it can be unique determined by Ψ min . Note that the elements of Ψ min are pairwise incomparable elements of Φ + . Inversely, every set of pairwise incomparable elements of Φ + with the sum of any two elements being not less than or equal to θ is a Ψ min for a unique Ψ ∈ Υ. We call such a set an incomparable admissible subset of Φ + . Now there comes a bijection induced from (2.1) as follows:
This correspondence will convenience us to enumerate the abelian ideals.
Classical Type A r
In this section, we will determine the number of abelian ideals with dimension m in a Borel subalgebra of special linear Lie algebras sl r+1 (r ≥ 1). Precisely, the number of abelian ideals with dimension m can be expressed by a restricted partition function P i,j (m) which will be defined in (3.7).
For type A r , we have
The highest root is
So any incomparable admissible subset has to be with the form
We shall compute the dimension of the abelian ideal determined by Ψ min with form (3.4). In fact, the set Ψ ∈ Υ determined by Ψ min is
Therefore the number of abelian ideals with dimension m is equal to the number of different ways to give a partition (
We have Proposition 3.1. The number of abelian ideals with dimension m = 0 in a Borel subalgebra of sl r+1 is equal to
Besides, there is a trivial abelian ideal ∅, whose dimension is 0. 2 Remark 3.2. The restricted partition function P i,j (m) can be expressed by a common combinatorial technique. It is equal to the coefficient of
is as the same as to take subsets in {1, 2, . . . , r}. Hence by (2.9), we get Peterson's 2 r theorem for type A. Now Peterson's 2 r theorem and Proposition 3.1 imply a combinatorial identity:
4. Classical Types B r , C r and Dr
In this section, we will determine the number of abelian ideals with given dimension in a Borel subalgebra of symplectic Lie algebras sp 2r (r ≥ 2) and orthogonal Lie algebras o 2r (r ≥ 3), o 2r+1 (r ≥ 4). Precisely, the number of abelian ideals with given dimension can be expressed as the coefficient of a generating polynomial.
The simplest case among type B, C and D is the second one. So we will consider type C first.
The result in this subsection is a corollary in [8] , where a connection between the abelian ideals in a Borel subalgebra and the cohomology of a maximal nilpotent subalgebra was constructed. Here we give a much more direct method to obtain the result again for self-containment.
For type C r , we have
Recall the definition of Ω in (2.8). It is obvious that for type C,
Observe that
where i 1 ≤ j 1 and i 2 ≤ j 2 . Moreover, for any α, β ∈ Ω, we have α + β ≺ θ. So by (2.7), we have 
It is obvious that
Υ r (n), which is a disjoint union.
Although we restrict that r ≥ 2 in this subsection, we can also set (4.10)
Hence we can also define (4.12) f C1 (t) = 1 + t and f C0 (t) = f C−1 (t) ≡ 1 for convenience. Take any Ψ ∈ Υ r (n). Besides the n elements ǫ 1 + ǫ n , ǫ 1 + ǫ n−1 , . . . , 2ǫ 1 , the rest elements in Ψ should constitute an increasing subset of a partially ordered set which is isomorphic to Ω n−1 . Hence by (4.8) we have (4.13) f Cr (t) = r n=0 t n f Cn−1 (t).
Furthermore, (4.14)
Thus by (4.13) and (4.15) we obtain that
To summarize: 
However, by proposition 2.3, there are several restrictive conditions for us to take incomparable admissible subset in Ω. They are induced from
(Hereinafter, a restrictive condition induced from α + β = θ means that any two elements α ′ , β ′ ∈ Ω with α ′ ≺ α and β ′ ≺ β can not be both in a Ψ ∈ Υ. For example, the restrictive condition, that ǫ 1 − ǫ 2 and ǫ 2 + ǫ 3 can not be both in a Ψ ∈ Υ, is induced from
We draw the Hasse diagram of Ω as follows.
ǫ r−1 + ǫ r r ǫ r−2 + ǫ r r ǫ r−2 + ǫ r−1 ǫ r−3 + ǫ r r¨r ǫ r−3 + ǫ r−1 ǫ r−4 + ǫ r r¨r ǫ r−3 + ǫ r−2 ǫ r−4 + ǫ r−1 ǫ r−5 + ǫ r r¨r¨r ǫ r−4 + ǫ r−2 ǫ r−5 + ǫ r−1 ǫ r−6 + ǫ r r¨r¨r
It is clear that
Υ r (n). Observe that there is an isomorphism between two partially ordered sets:
where Ω C r−1 is the set Ω r−1 of type C. Hence (4.25)
Furthermore, for any Ψ ∈ Υ r (n) (3 ≤ n ≤ r + 1), besides the 2r − n + 1 elements:
means ǫ 1 for convenience), the rest elements in Ψ should constitute an increasing subset of a partially ordered set which is isomorphic to Ω C n−3 . Hence for 3 ≤ n ≤ r + 1,
At last, we can get immediately that
Combine (4.23), (4.25), (4.26) and (4.28), then we get (1 + t j ).
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Remark 4.5. Let t = 1 in (4.29), then we get f Br (1) = 2 r , which is Peterson's 2 r theorem for type B.
Type D r .
For type D r , we have
. . .
There are also several restrictive conditions induced by (4.34)
(n = r) {Ψ ∈ Υ | either ǫ 1 + ǫ r ∈ Ψ or ǫ 1 − ǫ r ∈ Ψ}, (n = r + 1). Υ r (n), which is a disjoint union.
and
In a similar way to (4.26) and (4.28), we can obtain that for 3 ≤ n ≤ r (4.39)
and (4.40)
Now we are going to calculate which is a disjoint union. Hence (4.45)
where Υ (i) r (r + 1) ±,0 := Υ r (r + 1)
r . Observe that there are several isomorphisms between some partially ordered sets:
and
and (4.49) In this section, we will deal with the exceptional types. Precisely, we will give the Hasse diagrams of Ω of these types and then list all data on the number of abelian ideals with given dimension. The method is just to enumerate all cases of incomparable admissible subsets Ψ min by the Hasse diagram of Ω and the associative restrictive conditions, and then to count the total number of elements in Ψ. However, we will elide the enumerating process here to shorten the length of this paper.
For type G 2 , we have
The Hasse diagram of Ω is as follows:
It is clear that the sum of arbitrary two roots in Ω is not less than or equal to θ. So there are 4 = 2 2 abelian ideals in a Borel subalgebra of the simple Lie algebra of type G 2 : ∅, g 2α1+3α2 , g α1+3α2 ⊕ g 2α1+3α2 and g α1+2α2 ⊕ g α1+3α2 ⊕ g 2α1+3α2 .
We list the number of abelian ideals with given dimension in the following For type F 4 , we have
and (5.6)
( Figure 5) when we take incomparable admissible subsets, there are some restrictive conditions induced by (α 1 + 2α 2 + 2α 3 ) + (α 1 + α 2 + 2α 3 + 2α 4 ) = θ. 
